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1. INTRODUCTION 
In this paper, we investigate the relationship between the order of an 
entire function and the number of its derivatives which are univalent in a 
given disc. Because the order of an entire function is unaffected by a transla- 
tion of the form CIZ + b, we shall always work in the disc centered at the 
origin and having unit radius. We call this disc D. 
Letf be an entire function of order (1, and let {n,}z=r be a strictly increasing 
sequence of nonnegative integers such that each fcnp) is univalent in D. In 
Theorem 1, we exhibit an upper bound on (1 in terms of {n,}pl . In Theo- 
rems 2, 3, and 4, we show that this bound is sharp. In Theorem 4, we also 
establish an analog of a classical theorem connecting the order of an entire 
function with its power series coefficients. 
To avoid cumbersome references in our proofs, we list four results that 
we shall need later. 
1.1. THEOREM A ([2, 41). If f is defined in D by 
if a, # 0, and if 
(1.1) 
(1.2) 
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then f  is univalent in D. If  (1.2) is replaced by 
f  (n + W I an+k I 
(k - I)! < (n 4 I)! I a,+, I l&2 
(1.3) 
and if a,,, # 0, then fen) is univalent in D. 
1.2 [I, p. 91. Suppose thatf, as defined by (l.l), is entire and of order A. 
Then 
k log k 
(1.4) 
1.3 THEOREM B [8]. Letf be regular in D. Let {n,jrCl be a strict@ increasing 
sequence of nonnegative integers such that each ftnn) is univalent in D. Let 
01 = lim inf nP/n9+1 . 
P+= 
Suppose that f  is defined by a power series, expanded about 0, with a radius of 
convergence R. 
(1) If  01 = I, then R = CO, i.e., f  is entire. 
(2) If  0 -c a! < I, then R >, ~\l~/+-l)/(l - a). 
Later in this paper, we shall show that this result is best possible. 
1.4 [.5, p. 1831. If n is a positive integer larger than 1, then 
A(n)l12 ($)% < n! < B(n)lj2 (:jn, 
where 
A = Be-1124 = (2r)1/2. 
We shall often be dealing with subsequences. For ease of notation, we shall 
sometimes write a(n,) for an, and n&J for nBb .
2. RELATIONS BETWEEN fl AND {n,)pI 
THEOREM 1. Let f  be an entire function of order A. Let (n,}& be a strictly 
increasing sequence of nonnegative integers such that f  tnv) is univalent in D. If  
1% %+1 N log n, , then 
A< 
* _ lim sup b,,;,s,‘~-‘) . 
@l) 
Pa 0 n 
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Proof. Suppose that f is given by (1.1). From the fact that each f tnD) is 
univalent in D, it follows after certain calculations (see the proof of our 
Theorem in [8], especially inequality (2.5) there) that there is a positive 
number K* such that, if 2 <p and if 2 < k < n,,, - n, + 1, then 
Let 
Then 
MD = max{log(nj+r - ni): 1 <j < p - I}. 
= i zl (TZ~+~ - EZ~) log(tij+r - nj) - log n, < MD - log np . 
Hence, for 2 < k ,( n,,, - n, + 1 and 2 < p, we have 
1% I 4% + 41 ‘hi+‘) < log K* + max{MD - log nP , M,,, - log t~,+~}. 
Consequently, for all large p, 
-(%I + 4 l%h 4 k) ( b&,+1 + 1) 
log I 4s + 4 ’ min{log n2, - MD , log n,,, - MD+,> - log K* * 
Since log n, N log np+r , it follows from (1.4) that 
A<1 
it 
1 --limsupxP-\ 
Pm log ?Z1, ) . 
I f  (M,};z2 is bounded, we are done. So, suppose lim SUP~+~ M, = co. 
For 2 < p < co, let A, = [log(n, - n,-,)]/log nD and let B, = M,/log n, . 
For each p > 2, there is some qD such that qp ,< p and 
MlJ = w+d - nk, - 111. 
Hence, B, < A*, . It is possible to choose the ql, so that lim,,, qp = co. 
Therefore, lim SUP~+~ B, < lim SUP~+~ A, . The theorem follows. 
In the hypotheses of Theorem I, if the growth condition on {n,}~=r is 
changed to Km,,, ng/np+i = 1, then Theorem B shows that it is unnecessary 
to assume thatfis entire. But there do exist functions which are not entire and 
yet for which log n, N log n,,, [7, Theorem 61. 
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COROLLARY 1. Let f,  A, and {nD}zG1 be as in Theorem 1. I f  
lo&, - n,-J = o(log a,), 
then (1 < 1. If n, - n,-, < p for all large p, then f is of exponential type no 
bigger than .384(~ + l)‘ln. 
Proof. The first part follows directly from Theorem 1. To prove the 
second part, we may assume that n, - n,-, < p for all p. (Otherwise, we let 
m, = np+, and work with {rn,}Fcl .) We use the fact [1, p. 1 I] that, if 
then f  is of exponential type no bigger than 7. 
Suppose f  is defined by (1.1). From inequality (2.3) in [8], we have that, 
for 2<p and for 2<h<n,+l-nn,+l, 
I a@, + 4 < “‘~~:i~~~~! E (nj+l - nj + 1) (nj+r - nj + l)!, 
j=l 
where D* is a constant. Using (1.5) 
2<h<n,+l--n,+ 1, 
on this, for 2 < p and for 
(n, + h) j a(n, + k)\l’(np+k) 
( 
D*Bp(7/6)“12 enI+‘-’ 112 1/h,+lz) d 
A ($1 ! 
x p%+k) 5 (nj+l _ nj + ])(nj+l-nj+(5/2))l(~~+~). 
i=l 
Since n, - n,-, < p for all p, it follows that, for 2 \cp and for 
2<K<fl,-?&,+ 1, 
P-1 
(Bee1(7/6)““)” n (nj+l _ nj + l)nj+1-?+5/2 “(nptk) 
j=l 1 
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Further, 
and 
gdn,+k) < (p + l)fu+l)/n, 
Hence, 
i 
D*en’+l I 3 
A (&y;‘,“‘““+“’ = 1 + O(l). 
liy+%up k 1 uk lllk 
= lim sup{(n, + k) ] u(n, + k)ll’(nD+k): 2 < p; 2 < k < ng - nDwl + l} 
< B(7FT2 (p + 1)7/” 
e 
Substituting (27r)l12 e1/24 for B, we finally have that 
liy+yp k 1 uk I1/lc < e [ (743) 1:’ e1’24 (p + 1)7’2] < e(.384) (p + 1)7/2. 
The corollary follows (cf. [6]). 
This shows that if a, - n8-r = O(l), then f is of exponential type. We 
now give an example to show that if lims,,J~, - a,-r) = co, then f may not 
be of exponential type. 
EXAMPLE 1. Let {ne}z-r be a strictly increasing sequence of positive 
integers such that ng+r - n, 2 2 for all p and such that, if 
5, = i l"g[(nj - nj-J!]9 
j=2 
then (i) n, = o([,) and (ii) .$, = o(n, log a,). (Both (i) and (ii) are satisfied if, 
for example, n2, - n,-, N logp.) Let 4 be a nondecreasing step function such 
that $(nr) = $(n2) and, for p 3 2, 
7%) = expC3/2P-l. 
Let a,,, = +(K)/(k + I)! if k = a, for some p. Let ak+r = 0, otherwise. 
Let 
f(z) = f a,z’i. 
k=l 
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It follows from (ii) and (1.4) thatf is an entire function of order 1. Further, 
using (1.5) and (i), we have 
liy+Lup k ] uk lllk = liy+yp(n, + 1) [(nz(T)l)!J 
1h,+1) 
= e li~sup[~(n,)]l”“p’l’ 3 +- liy+yp exp{.$,/n,] = 00. 
Hence, f  is of maximal type, order one [I, p. 1 I]. From (1.3) to prove that 
each f (no) is univalent in D, it is enough to show that 
or, that 
But since 
fi (%J+j - %+A! G (%+, - %I)! 
j=l 
for all q, this is certainly true. 
The next example shows that the conclusions in Theorem B are the best 
possible. 
EXAMPLE 2. Let 0 < LY. < 1, and write A = l/z. Let P be a positive 
integer such that [A*] - [S-l] > 1 and [An] > p + 1 for all p 3 P. (In this 
example, [x] denotes the integer part of x.) Let nj = j for 1 < j < P. Let 
nj = [A?] for j > P. Define tB , $, ak , and f as in Example 1. (Of course, 
{n,}z=r no longer satisfies conditions (i) and (ii) of Example 1.) 
It follows as before that each f cnD) is univalent in D. Using (1.5) and the 
fact that p = o(n,), we have 
liy+%up ] uk ll’lc = e lim s~p[$(n~)]l’~p/n~ 
P-m 
= e liyy exp&lfdl~, . 
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Using (I .5) again and the definition of t9 , we also have that 
5, = O(P) + i log [( % p-1 )--’ (?zj - ni,l/2] 
j=P 
= O(P) - TZp + i (TZj - nj-1) lOg(nj - nj-l) + B i l”g(nj - nj-l) 
j=P j=P 
= O(p log Tz,) - TZ, + f  (nj - nj-1) 10g(nj - nj-l). 
j=P 
Using the definition of nj , we have that 
log(q - nj_l) = (j - 1) log A + log@ - 1) + O(l/(q - %I)). 
Hence, 
tp(nj - %-1) l"dni - %l> 
= n, log@ - 1) f  O(p2) - n, log x + (log X) i j(fzj - nj-1). 
j=P 
Now 
Further, 
ip nj-1 = O(p2) + f ~4j-l 
j=l 
= O(p2) + P/(A - 1) 
= O(p2) + %/(A - I). 
Putting all this together, 
E, = O(p log a,> - a, + n, log@ - 1) 3 O(P2) 
- n, log A + n,p log h + (72, log /\)/(A - 1). 
Using the facts that p log n2, = o(q), p2 = o(n,), and p log X = log n, + o(l), 
we finally get 
t ” = log np - 1 + & log h + log@ - 1) + o(l). 
% 
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It follows that 
1 
- = liy+Fp ) uk 1 
l--or 
R 
l/k = (A _ l) jp'l-A' =-. 
@gor-1) 
The following corollary improves Theorem 5 in [7] in that the hypotheses 
of Theorem 5 are weakened and the conclusion strengthened. 
COROLLARY 2. Let f be regular in D. Let {n,>pl be as in Theorem 1. Suppose 
that 0 and $ at-e functions such that 4 is slowly oscillating (see [3, 71) and 
1 < 4(P) < n3, - n,-, < W4, (2.2) 
for p = 2, 3,.... Let 
4 = l/[l - lim sup A-W- . 
1% P+(P) I (2.3) 
If  either (a) B(p) = o(p@)) asp+ co or (b) 0 < .$ < 00, then f is an entire 
function. In either case, the order A off satisjies 
where A* denotes the right-hand side of (2.1). 
Proof. Using (2.2) and the fact that 4 is slowly oscillating, it follows that 
(1 + 4NPHP) = % + 5 9(i) G%* 
j=2 
(2.5) 
From this, we have 
3-1 l-- <f@& O(P) 
% %J (1 + 4)) P4(P> * 
Hence, if (a) holds, then n, N n,-, . By Theorem B, f  is entire. The hypo- 
theses of Theorem 1 are satisfied. Therefore, A < A*. From (2.2) and (2.5) 
the rest of (2.4) follows. 
Now assume that (b) holds. Let 0 < E < l/E. Then we have from (2.3) 
that 
for all p > pO(c). Hence, (a) must hold. The corollary is proved. 
Now the right-hand side of (2.1) is never less than 1. So, if 0 < A < 1, 
Theorem 1 gives no information about the relationship between {n,} and A. 
The next theorem shows that, in fact, there is no relationship. 
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THEOREM 2. Let 0 ,< A < 1. Let {n,}pl be a strictly increasing sequence of 
nonnegative integers. Then there is an entire function f  of order A such that f tn) 
is univalent in D ~-jc and only if n = n, for some p. 
Proof. First, we suppose that 0 < (1. Let alctl = 1/{2”[(n, + l)!]l/“), if 
k = np for some p. Let ak+l = 0, otherwise. Let 
f  (3) = f  akzk. 
k=O 
Then 
and so f  is an entire function of order A. Further, since /l < 1, 
= q=c,l ‘“;;q+-l;;;;;:“’ < [(n, + l)!]l-‘1’“’ Q-z,L ; 
= (n, + l)! I a(np + 1)l I 
Therefore, using Theorem A, each f  (ng) is univalent in D. Since f  (n+l)(O) = 0 
unless n = n, for some p, only the f  (1~9) are univalent in D. 
Now suppose that /l = 0. If k = n, for some p, let b,+l = 1/2~+(~9+1)!. 
Otherwise, let b,,, = 0. Proceed as above. This completes the proof. 
Theorem 2 shows that the inequality (2.1) is sharp if fl = 1. In fact, as the 
next theorem demonstrates, it is also sharp for 1 < /l < co. 
LEMMA. Let 1 < A < co, and let 1 < p < q. Then 
Jg-(P- 1)” 
A < i: k”-1 
k=p 
Proof. We note that 
s 
Q 
p-1 
x”-l dx < j$ k”-’ 
The lemma follows. 
: k + 1)” -PA -. 
A 
=s 
Qfl 
~“-1 dx. 
r, 
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THEOREM 3. Let I < A < co. Then there exists a strictly increasing 
sequence of nonnegative integers, (n,>z=, , and an entire function, f, such that 
(a) lim,+m nD+hD = 1, 
(b) 1 - l/A = lim SUP~+,~ (log(n, - n,-,)/log np), 
(4 ftn) is univalent in D if and only if n = n, for some p, and 
(d) f is of order A. 
Proof. Let n, = 1. Assume that n, has been defined, and let 
n,,, - n, = [(P + 1 )“-‘I. 
An induction argument shows that 
2 k”-1 - p < nz, < i k”-‘. 
k=l k=l 
Using the lemma, we have that, for all p, 
(2.6) 
Hence 
(P - 1)” - 4P - 1) n,-1 < 1 
(p+l)” -q7 ’ 
and 
log(PA-l - 1) < log(nD - %-1) 
A l%(P + 1) 1% nz, 
(A- l)l%P 
< Bog p + log( 1 - Apl-“) - log fl . 
From these, parts (a) and (b) follow. 
Let p be a positive number to be chosen later. Let k be a positive integer. 
Ifk=n,+lforsomep>l,let 
1 
ak = Fn, + l)!]l/” p% ’ 
Otherwise, let ak = 0. Clearly, lim,,, / a, /I/* = 0. So, if 
m 
f  (4 = C ask, 
k=O 
thenf is an entire function. Further, Stirling’s formula can be used to show 
that its order is A. This establishes part (d). 
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It is clear that, if n # n, for some p 3 I, then f  tn) is not univalent in D. 
We shall use Theorem A to show that the converse is also true. This will 
establish part (c). 
For f(~), (1.3) becomes 
cc 
c’ 
%+k + ‘Y 4%+k + 1) < (n + ‘), u(n, + ‘) 
(Tz,,k - n,) ’ rD . . 
(2.7) 
k=l 
I f  we can show that 
(%,k + ‘Y 4%,k + 1) 
(%+k - %Y 
< h,k-1 + ‘Y 4%,+k-1 + 1) 
2(?2,+,-, - n,)! __ ’ cw 
for p = 1, 2 ,... and k = 1, 2 ,..., then it will follow by induction that 
(n 8+k + l)! +%+k 
(%k - %I)! 
+ 1) < (%I + 111 4% + 1) 
’ 2” . 
This will establish (2.7). 
First, we suppose k > 1. Using the definition of uk , the definition of a,, 
and (2.6), we have that 
(%+k + l)! (%+k--1 - $)! a(n,+k + 1) 
(%+k--1 + l)! (%+k - %I)! +,+k-, + 1) 
(&+,&I + 2) (n,+k-1 + 3) “’ (ti,+k + ‘))l-(l’n) pnp+k-l-np+k 
(%+12-l - %J + I) (%+k-1 - %, + 2) ‘** @,+k - n,) 
(2n,+k)l-(1’“) %+k-%+k-1 
d%,k-1 - %+k-2 + 1) 
Now suppose k = 1. As before, 
(%+k + l>! (%+k-1 - fl,)! +,+k + 1) 
(%+~C-1 + I) !  (n,+k - n,)! u&,+&l + 1) 
~ f @(p + 2)“/4-‘li”’ 1 
%+I-% 
< I( 2 l p[(p + l)A-1 - 1] ’ (1 1 
l-cl/n, 
e3”-l 1 
%+1-% 
p(2”-1  1) 
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p= + i 1 
l-WA) 
max I 2”, 
2e 3”-l 
p-1 - 1 1 . 
Then (2.8) will hold for all p and k. The theorem is proved. 
Let {ak}& be a sequence of complex numbers. Suppose that f is defined 
by (1.1) and that the right-hand side of (1.4) is finite. Then it is known 
[l, p. 91 that this implies that f is entire and of order equal to the right-hand 
side of (1.4). However, if the right-hand side of (1.4) is infinite, then f need 
not be entire, but if it is entire, then its order is co. A similar situation exists 
here except that equality in (1.4) must be replaced by the inequality in (2.1). 
The reason for this can be seen by considering entire functions defined by gap 
power series. 
THEOREM 4. Let f  be regular in D. Let {n,}P1 be as in Theorem 1. Let 
A* zzz 
1 
lo&, - f%-1) . 
(2.9) 
1 - li~+~up 
1% % 
I f  A* < 03, then f is an entire function of order nogreater than A*. If  A* = co, 
then f  need not be entire, and ;f it is entire, it may be of any order. 
Proof. Suppose fl* < 00. Then Iim,,, n,/n,+l = 1. Theorem B implies 
that the hypotheses of Theorem 1 are satisfied. This establishes the first part 
of the theorem. 
The functions exhibited in Theorem 6 of [7] show that it may be the case 
that d* = co and yet the radius of convergence is 1. This establishes the 
second part. 
Now let 0 < /l < co. We shall construct a function f  and a sequence 
{n,}~=a of positive integers such that f  is an entire function of order (1, f  tns) is 
univalent in D if and only if n = ng for some p, and /l* = cc. 
If (1 = 0 or fl = cc, let n1 = 3g. If 0 < /1 < co, let n, = max{3g, AZ”}. 
Assume that rip-i has been chosen, and let n, be the smallest integer such that 
n9, 3 nPPl log nP . (2.10) 
Then the following inequalities are true for all p > 2 and all q > p: 
np - 1 < rip-l log(n, - 1). (2.11) 
e2 <logn,. (2.12) 
log n9 -c n, - nB-l . (2.13) 
(q - p) log 2 < (n,, - 1) log n, . (2.14) 
(We note that (2.14) follows from the fact that n, > 29 for all q.) 
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From (2.1 I), it follows that 
lim log n,-l 
w10g71, = 
1 
. 
From this and (2.10), we have that A* = CO. 
Define g for x > I by 
g(x) = 
/ 
log x, A = co, 
xl’“, O<A<co, 
ex, O=A. 
If k = n, + 1 for some p > 2, let 
uk = @, +l 1)1/2 [ 
nl, - nD-1 
?a,+1 
(n, + I)&,) I * 
(2.15) 
Otherwise, let uk = 0. No matter what A is, lim,,, g(x) = CO. Hence, 
lim sup [ a, jllk < lirnn%up l/g(n,) = 0. 
k-m 
Further, 
Iirn+%up 
--k log k -1qdn, + 1) 
log 1 uk 1 
= lil$YP log(n, 
- %-1) - ke, + 1) - logg(%J 
logh + 1) = /1 
= li:zup logg(n,) * 
Therefore, iff is defined by 
f(z) = f u(n, + 1) znP+r, 
?I=1 
then f is an entire function of order A. Further, if n # n, for some p > 2, 
then f tn) is not univalent in D. 
Using (2.15) and (1.5) it follows that, for 2 < p < q, 
(% + I>! 14% + 111 
(n, - %Y 
B(n, - nJ~+’ 
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I f  we can show that, for all 2 <p < q, 
[g(n,)p+l n, - nq-1 %+l ~ 1 
k(n,)l”~+1 ( n, - n,-I 1 24-“’ 
(2.16) 
then Theorem A will imply that f(nn) is univalent in D for p 3 2. 
First, let us assume that /l = co. Then (2.13) shows that the left-hand side 
of (2.12) is less than 
(n, - noJ~+l 
(log nii- ’ 
Further, from (2.14) (2.10), and (2.12), it follows that 
This establishes (2.16). 
Now suppose that fl < cc. Whatever the value of fl, it is the case that, 
for all p and all q > p, 
[g(n,)p” (log ?#p,+r 
[g(nq)]%+l < (logn,)“p+l * 
Hence, our previous work immediately yields the desired result. The proof 
is complete. 
We note that the construction process in the last part of the proof of 
Theorem 4 shows that there is an entire function of infinite order which 
satisfies the hypotheses of Theorem 1, and for which the inequality sign in 
(2.1) can be replaced by an equality sign. 
In Theorem 3, we started with A and then constructed (n9}TC1 and f  to 
meet certain conditions. Is it possible to start with both (1 and {n,}~==, , and 
then construct f  to meet conditions (c) and (d) of Theorem 3 ? Theorem 1 
shows immediately that, in general, this cannot be done. However, if a 
growth condition is imposed on {nD}Gzr , then it is possible to construct such a 
function. This is the content of Theorem 5. 
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THEOREM 5. Let 1 < A < co, and let {n&P1 be a strictly increasing 
sequence of nonnegative integers such that 
c = lim inf nB+1 > A. 
P” n, 
Then there exists a natural number P and an entire function f  of order A such 
thatf (*) is univalent in D if and only if n = n, , where p is a member of the set 
{P, P + 1, P + 2 ,... >. 
Proof. Let ,8 = (c + J/2. Let p, be such that ns+Jnz, > p and 
n, > 2”-l/( 1 - /Z-l)” for p > p, . Let P 3 p, be such that for p 3 P, 
@,+1 + l)!}l-(l/A) < {(n, + l)!}l-(llnl (nD+l - n,)!. 
Let 
f  (4 = t a&J, 
k=l 
where 
a(n, + 1) = l/[{(n, + l)!:l/” 2p] 
if p 3 P, and where a(h) = 0 if k f  n, + 1 for some p = P, P + l,.... 
Then f  is an entire function of order A. Using (1.3) as was done in the proof 
of Theorem 2, it can be shown that f  tn) is univalent in D if and only if n = n, 
for some p 3 P. 
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